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Polya's inequalities, global uniform integrability 
and the size of plurisubharmonic lemniscates 

^ ■ S. Benelkourchi, B. Jennane and A. Zeriahi * 
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I Abstract First we prove a new inequality comparing uniformly the relative 

' volume of a Borel subset with respect to any given complex euclidean ball 

. B C C" with its relative logarithmic capacity in C" with respect to the same 

ball B. An analoguous comparison inequality for Borel subsets of euclidean 
balls of any generic real subspace of C" is also proved. 

Then we give several interesting applications of these inequalities. First 
we obtain sharp uniform estimates on the relative size of plurisubharmonic 
1 ^ I lemniscates associated to the Lelong class of plurisubharmonic functions of 

' logarithmic singularities at infinity on C" as well as the Cegrell class of 

plurisubharmonic functions of bounded Monge-Ampere mass on a hyper- 
convex domain 17 d C". 

Then we also deduce new results on the global behaviour of both the 
. Lelong class and the Cegrell class of plurisubharmonic functions. 

a^ 

^ ■ 1 Introduction 

o ■ 

■ Local uniform integrability and estimates on the size of sublevel sets of 

. plurisubharmonic functions in terms of capacities or various measures have 

I been studied earlier in several works (cf. [Cu-Dr-Lu], [Ki], [Ko 2], [Ze 2], 

J2 ' [Ze 3], [PI], [Be-Je]). Such estimates turn out to be useful in many areas 

of Complex Analysis as Pluripotential Theory, Fade Approximation and 
Complex Dynamics (cf. [Ki], [Ko 1], [Ko 2], [Cu-Dr-Lu], [Fa-Gu]). 

Our aim here is to generalize the classical Polya's inequality to subsets 
of any generic subspace of C" and to give several new applications to the 
5^ , study of the global behaviour of two important classes of plurisubharmonic 

functions. 

More precisely, given a generic subspace G C C", we prove a new in- 
equality estimating from above the relative volume in G of a Borel subset 
with respect to an euclidean ball i? C G in terms of its relative logarithmic 
capacity in C" with respect to the same ball B, up to a multiplicative nu- 
merical constant which depends only on the dimension of G but not on the 
"condenser" considered. 



X 



'This work was partially supported by the programmes PARS MI 07 and ALMA 180 



1 



Formulated in this way, Polya's inequalities turn out to play an impor- 
tant role in applications, implying interesting results which improve signifi- 
cantly earlier results obtained by several authors (cf . [Cu-Dr-Lu] , [Ko 2] , [Ze 
1], [Ze 2]). 

Indeed, first we easily deduce new estimates on the relative volume with 
respect to balls in a generic subspacc of C" of the plurisubharmonic lemnis- 
cates associated to the Lclong class of plurisubharmonic functions with loga- 
rithmic singularities at infinity on C" as well as the Cegrell class of plurisub- 
harmonic functions with bounded Monge- Ampere mass on a bounded hy- 
per convex domain of C". 

Then we give estimates on global uniform integrability of the Lelong 
class of plurisubharmonic functions with logarithmic singularities at infinity 
on C" with respect to the Lebesgue measure on any generic subspace. These 
estimates can be considered as precise quantitative versions for the Lelong 
class of the well known John-Nirenberg inequalities for BMO— functions on 
M'* (cf.[St]). 

In particular we prove that restrictions to any generic subspace G C 
of plurisubharmonic functions with logarithmic singularities at infinity on 
C" are in BMO(G) with a uniform explicit bound on their BMO (G)— norms 
depending only on the dimension of G. 

Finally we give a general sufficient condition for uniform integrability 
of a given class of plurisubharmonic functions on some domain in terms of 
the behaviour of the relative Monge- Ampere capacity of their sublevel sets 
with respect to this domain. In particular, we deduce a new global uni- 
form integrability result for the Cegrell class of plurisubharmonic functions 
of uniformly bounded Monge-Ampere masses on a bounded hyperconvex 
domain. 

2 Preliminaries 

Let us recall the classical Polya's inequality (cf. [Ra], [Ts]). For any compact 
subset K cC, 

(2.1) \2{K) < TT • ciKf , 

with equality for a disc, where A2 is the area measure on C = and c{K) 
is the logarithmic capacity of K. 

Besides this inequality, there is a corresponding inequality for sets of the 
real line R C C. Namely, for any compact subset K cM., 

(2.2) Xi{K)<A-c{K) , 

with equality for an interval, where Ai is the lenght measure on M. 
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Recall that the logarithmic capacity c{K) of a compact subset K C C 
coincides with its Chebychev constant (cf. [Ra], [Ts]), so that the following 
formula holds 

c(i^) = mf(inf{||P||]/'^ ■,PGVd}) , 

d>l 

where Vd is the set of monic polynomials of degree d and | j/'l 1^- := sup^g^ l-f (-2)1- 

In C", it is more convenient to consider the following Chebyshev constant 
associated to a compact subset K C (cf. [Al-Ta], [Si 2]) 

(2.3) Tb{K) := inf(inf{||P||],/'' ; P G C[z],deg(P) = d,\\P\\B = 1}), 

a>l 

where B is any regular compact subset of C" and ||-P||_b '■= max^g^ |P(2;)|. 

If n = 1, it is easy to prove that the two constants c and Tb are equivalent 
as we shall see below. 

The constant defined by (|2.3|) is related to the pluricomplex Green func- 
tion with logarithmic singularities at infinity on C", which we will recall 
below. Its definition is based on the usual Lelong class of plurisubharmonic 
functions of logarithmic growth at infinity on C" defined as follows 

(2.4) £(C") := {u e PSHiC") ; sup{u(z) - log+ |z|; z G C"} < +oo}. 

The global extremal function with logarithmic growth at infinity associated 
to a Borel subset i^T ^ C" is defined by 

(2.5) Vk(z) :=sup{u(2);u G £(C"), u|i^<0},zGC" 

and its upper semi-continuous regularization in C" is the pluricomplex 
Green function with logarithmic singularities at infinity associated to K (see 
[Za], [Si 1]). 

It is well known that Vk is locally bounded on C" if and only if K is 
non pluripolar in C" (see [Si 1], [Si 2]). 

By a theorem of Siciak ([Si 2]), we know that if K G C" si a compact 
set, then 

(2.6) TB(i^) = exp(-maxV^) 

The formula (|2.6j) allows us to extend the definition of the set function Tb{-) 
to Borel subsets of C". Moreover the extended set function is a generalized 
Choquet capacity on any bounded domain in C", which is inner regular and 
outer regular (see [Si 2]). The constant Tb{K) will be called here the relative 
logarithmic capacity of K with respect to B in C". 

It is also well know that the null sets for this capacity are precisely the 
pluripolar subsets of C" (see [Si 2]). 



3 



Thus if K C is non pluripolar then — logTBiK) = maxe V^{< +00) 
is the best constant for which the following Bernstein- Walsh inequality holds 

(2.7) supu<supu-logTB{K), V-u G >C(C'*). 

B K 

There is another relative capacity defined using the Monge- Ampere oper- 
ator (see [Be-Ta 1]). Here we choose a normalisation of the usual differential 
operators on C" so that 

dd" := -dd. 

vr 

Let (S C" be an open set and K G ^ a compact subset. Then the relative 
Monge- Ampere capacity of the condenser {K, J7) is defined by the formula 
(see [Be-Ta 1]) 

(2.8) cap(is:; ft) := sup{ / (dd'^u)''; u G PSH{n), -l<u<0}. 

Jk 

This capacity is related to the so called plurisubharmonic measure associated 
to the condenser {K, fi) defined by 

(2.9) hxiz) := sup{uiz);u G PSH{n),u < 0, u\K < -1}, z £ n. 

Then if d C" is a hyperconvex open set and C is a compact subset, 
it follows from ([Be-Ta 1]) that 

(2.10) c&p{K-n)= f {dd^K^K^ = I {dd''h*Kr. 

Jk Jci 

We will need the following Alexander and Taylor's comparison inequality 
(see [Al-Ta]). For a fixed bounded domain O d and a fixed euclidean 
ball B c C" such that QcM, 

(2.11) rB(^) < exp(-cap(£;; n)-^/""). 

for any Borel subset E C Q. 

We will also need to define the Cegrell class of plurisubharmonic func- 
tions. Let d be a hyperconvex open set. Denote by the class of 
negative plurisubharmonic functions iponQ, such that there exists a decreas- 
ing sequence (ipj) of bounded plurisubharmonic functions on U with bound- 
ary values which converges to (p onQ, and satisfies sup^ [^(dd'^ipj)'^ < +00. 

By Cegrell ([Ce 2]), for (/? G J^(f^), the Monge- Ampere measure (dd'^ip)^ 
is a well defined Borel measure of finite mass on Jl as the weak limit of 
the sequence of measures (dd'^ipj)'^, where {(pj) is any decreasing sequence 
converging to on J7 and satisfying all the requierements of the definition. 



4 



3 Relative Polya's inequalities 



Here we want to compare the relative Lebesgue measure on a generic sub- 
space G C C" with respect to a real euclidean ball in G with the relative 
logarithmic capacity in C" with respect to the same ball. 

First recall some definitions. A real subspace G C C" is said to be a 
generic subspace of if G + JG = C^, where J is the complex structure 
on C*. We denote by G'^ := G fl JG the maximal complex subspace of C"^ 
contained in G and set m := dimcG'^, which will be called the complex 
dimension of G. Then it is clear that dimRG = n + m. 

If m = which means that G'^ = (0) , the subspace G is said to be totally 
real, li m = n then G = C". 

It is easy to see that G C is a generic subspace of complex dimension 
m if and only if there is a unitary automorphism U : C" — > such that 
U{G) = X M"-™ c C™ X C"-™ = C". 

Observe that the subspace G C C" is non pluripolar in C" precisely 
when G is a generic subspace. 

The subspace G C will be endowed with the induced euclidean struc- 
ture and the corresponding Lebesgue measure which will be denoted by 

Now we can state our version of Polya's inequality which is the main 
result of this section. 

Theorem 3.1 1) For any complex euclidean closed ball B C C" and any 
Borel subset K gM, 

where 

4"(n!)2 



(3.2) 



(2n-l)!' 



2) Let G C 6e a generic real subspace of complex dimension < m < 
n — 1. Then for any real euclidean closed ball B G G and any Borel subset 
K CB, 

(3.3) ^^^±^ < 8{n + m)Tn{K). 

For the proof of relative Polya's inequalities, we start to look to the simplest 
case where n = 1. 

Lemma 3.2 1) For any closed disc D C C and any Borel subset K GO, 
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2) For any real closed intervall I C M and any Borel subset K (Zl 



(3.5) 

We don't know if 4 is the best constant in these inequahties. 
Proof: 1) By regularity of the Lebesgue measure and the relative logarithmic 
capacity in C, we can assume that K \s a. non polar compact subset. We 
can also assume that C\K is connected since X2{K) < X2{K) and Tn{K) = 
Tji{K). Then the extremal function is a subharmonic function on C 
which coincides with the Green function of C \ with a pole at infinity. 
Therefore it can be represented by the formula 

V^{z)= [ log\z -CldfiiO- log c{K), VzgC, 
Jk 

where /i := {1/2tt)AV^ is the normalized equilibrium measure of K. From 
this representation formula, we get the estimate 

max < log(2i?) - log c{K) , 

where R is the radius of the disc ID C C. This inequality implies that 

(3.6) ciK) < 2RTn{K). 

Therefore using the inequality 1)2. II) . we get from (|3.6I) the estimate 

\2{K) < 4 A2(B) T^Kf, 

which is the required estimate. 

2) In the real case we prove in the same way that 

c{K) < 2RTi{K), 

where R is the radius of the interval I. Therefore using the inequality ()2.2|) . 

we get 

XiiK) < 4 Ai(I) Ti{K), 
which is the required inequality. ► 

To prove our theorem, we need the following elementary slicing lemma. 

Lemma 3.3 1) Let M C C" be any complex euclidean closed ball, K cM a 
Lebesgue measurable subset and a £ dM. Then there exists a complex line 
La C C" passing through the point a such that A2(IB H La) > and 

(3-7) X /T^x < c„ 



A2n(]B) - " A2(BnLj 
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where c'^ = Cn/4:= ^(^n-")! • 

2) Let B C any euclidean ball, K C B any Lebesgue measurable subset 
and a ^ B. Then there exists a real line la C passing through the point 
a such that Xi{B Dla) > and 

Observe that c„ ~ l^pnv?!'^ as n ^ oo., we conjecture that the inequahty 
(|3.7|) is true with the constant = n. The inequahty (|3.8j) could be deduced 
from ([BG], lemma 3) with the constant N but the proof given there is 
not clear for us. So we decided to give proof which uses the same idea of 
symetrization but leads to the constant 2N instead of N , unless the point 
a in the lemma coincides with the center of the ball B. 
Proof: 1) We can of course assume that n > 2. Since our inequality is 
invariant under translation, we can also assume that a = S SB is the 
origin and X^niK^ > 0. 

Now assume by contradiction that the inequality 1)3 .7(1 is not true. Then we 
will have 

(3.9) X2{KnL)< ^'^^^l A2(BnL), 

for any complex line L passing through the origin a = such that A2(BnL) > 
0. 

Since relative volume and relative area are invariant under non singular 
affine transformations, we can assume that B = {z = {zi, Z2, - ■ ■ , Zn) G 

; \zi - i?p + |z2p H + \zn? < and = {(.w ; C e C} where 

w = {wi,...,Wn) G Then L^f]B = {( ■ w ; |Cp < 2R ^{(wi)} is 

the disc centred at Rwi of radius i? which by the last inequality leads 
to 

(3.10) A2(KnL.) < -P^^ nR' kiP,Vu; G S'^-\ 

C'n X2n{B) 

Now, integrating in polar coordinates and using the invariance of the sphere 
^2n-i |-,y potation, we obtain the formula 



\2n{K) = 7^/ / \C\''''-\K{Q-w)d\2{Q)d<J2n-l{w) 

IS2n-l J|^|<2 R {(wil 



2lT 



r)2n~2 r>2n~2 

^ n I • <2n-2 



< ^ / kir"-" / xk{C ■ w)dX2{C)da2n-i{w) 

where xk is the characteristic function of the set K. 

Using inequality (|3.1()|) . we deduce from the last inequality that 

(3.11) A2„(i^) < 2'--'R' \ !''i^L, I \w,\^''da2n-i{w) 

2c'„ X2n[B) Js2n-l 
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Now, an elementary computation using spherical coordinates leads to the 
formula 

(3.12) / |^,|2n^^2^_^(^)^l!^^2^ 

Js2n^i (2n)! 

where T2n is the volume of the euclidean unit ball in M^". 

The last formula (|3.12|) combined with (|3.11|) leads finally to the inequality 

2^"'^fi^»A2.(i^) , (n!)2 
^^"^"^^ < 2<A,„(B) '^(2^^"^" = 

which yields a contradiction. 

2) As in the complex case, we assume that a = is the origin, Xj\[{K) > 
and the ball B of radius 1. 

First, observe that Xi{B H /q) < 2 for any real line la passing through the 
point a , then to show (|3.8|) it is enough to prove that 



N\n(B) 

for some real line la- 

Assume by contradiction that the last inequality is not true. Then we will 
have 

(3.13, MA'nO<lM|l 

for any real line I passing through the origin a = 0. 

Let K be the annulus with the same center xq as B and of radii r and 1 

(r < 1) such that Xn{K) = X^iK) 

then 

_/ X^{K)Y/N 

V Xn{b)J ■ 

Denote by e{K) := 1 — r the depth of the annulus K, then 

e{K) = 1-r 

^ XN{K) \jr 



> 



Xn{B)J 

1 Xn{K) 



N Xn{B) 

The last inequality together with ()3.13|) lead to 
(3.14) e{K)>Xi{Knl) 
for any real line I passing through a. 

Now, observe that, if I any real line passing through the origin such that 
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I n B{xo,r) / 0, then Ai((^ n /) > 2e{K) and hence from (|3.14j) we derive 
the inequality 

(3.15) Ai(^n/) > 2Ai(KnO, 
for all real line passing through the origin a = 0. 

Now, following ([Br-Ga]), we construct a set K^^^ in the following way: On 
each real line I passing through the point a = 0, we choose the best far 
segment of ^ Pi / of length Xi{K n I). 

Then from the inequality p.151 ) we get K^^") C K and therefore 

(3.16) Xn{K^'^) < Xn{K). 

On the other hand, by the construction of the set K^'^\ if r G K D l\K^'^'^ 
and t G {K^"^ n l)\K then |r| < |t| and since Xi{K nl) = Ai(K(^) n I) then 



Now, integrating in polar coordinates and using the last inequality, we obtain 

1 /" f . |Af-l, 



Xn{K) = - \t\ xk{t ■ w)dTdaN-i{w) 

ISN-I 



\t\^ ^drduN^iiw) 



< - I I \t\^-^dtdaN-iiw) 
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< \ I / \t\^-\Ki^){t-w)dtdaN-i{w) 

< a^(k(^)) 

where xk is the characteristic function of the set K and = {t ■ w ; t G M}, 

which contradicts the inequality (|3.16|) .»- 

Now we are ready for the proof of the Theorem. 

Proof of the theorem: 1) By interior and exterior regularity of the Lebesgue 
measure and the relative logarithmic capacity, we can assume that K gM 
is a compact set of non empty interior in C" so that X2n{K) > and 
T^{K) > 0. Moreover, considering e— neighbourhoods of K in C", we can 
assume that K is regular in the sense that Vk is continuous on C". Therefore 
Vk G C{C^'') and there exists a £ dM such that Vxia) = sup^Vx- By 
translation, we can assume that a = is the origin in C". 
By the complex slicing lemma, there exists a complex line L C C" passing 
through the point a such that X2{K n L) > and 

.^^7^ ^2n[K) , X^jKHL) 

^ ' A2„(B) -"^^ X2{MnL)- 
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Since a £ L and Vxia) = maxi Vk, it follows that Ts,f]L(K tl L) < Ts,{K) 
and then from ()3.17|) and H3.4() we deduce that 

(3.18) ^ffl < Ac'MKf, 

which is exactly the required inequality (|3.1|) . 

2) Now assume that G 7^ C" is a generic subspace of complex dimension 
1 < m < n — 1 (the totally real case m = is treated in the same way). 
By the invariance of the Lebesgue measure and the relative capacity Tg by 
unitary transformations, we can assume that G = C" x By regularity 

properties of the Lebesgue measure and the relative capacity Tg, we can 
assume that K G B is a compact subset of non empty interior in G so that 
Xn+miK) > 0. Let us prove that Tb{K) > 0. Indeed, since K is a compact 
subset of non empty interior in G, there exists an intervall I C M of positive 
lenght and a disc D C C of positive radius such that x J"--™ c K. Then 
by the product property of the extremal function (cf. [Si 1]), we get 

Vk{z,C) < max {Voizi),Vi{Cj)}, 

for any z = (zi,...,Zm) G C"^ and ( G C""*". Therefore Vk is locally 
bounded on C" and then Tb{K) > 0. Considering e— neighbourhoods of K 
in G, we can assume by regularity that is a regular compact set in the 
sens that Vk is continuous in C". 

Then Vk G £(C") and there exists a £ B such that VKia) = sup^ Vk- 
By translation we may assume that a = is the origin in G. Then by the 
real slicing lemma, there exists a real line I C G passing through the point 
a = such that Xi{K Dl) > and 

K+rniK) , \i(Knl) 

Let L := I + i ■ I he the complex line in C" generated by the real line /. Since 
a = G / and Vft'(a) = sup^ Vk, it follows that T^niiK Hi) < Tb{K) and 
then from (|.S.5j) and (|3.19j) we deduce that 

(3.20) Y-'f2 <^{n + m)TB{K), 
which is exactly the required inequality ()3.3() . ► 

It is interesting to observe that from the formula (|2.6() it follows that our 
relative Polya's inequalities leads to the following quantitative versions of 
Bernstein- Walsh inequalities. 

Corollary 3.4 1) For any closed complex euclidean ballM C C", any Borel 
subset C IB and any function u G £(C"), 

(3.21) supn < supn + ^log(c„) - ^log^^^^. 
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where Cn is the constant given by US. 

2) Let G C C" be any generic subspace of complex dimension m < n — 1. 
Then for any closed real euclidean ball B C G, any Borel subset K C B and 
any function u S £(C"), 

(3.22) supu < suptt + log(8(n + m)) — log ^"^'"^^^ • 

B K ^n+m[B) 



Let us mention that in the totahy real case G = W^, inequalities like (|8.22j) 
where obtained earlier by A. Brudnyi (cf. [B 1]). 

From relative Polya's inequalities (|3.1j) . (|3.3|) and Alexander- Taylor's 
inequality H2.11() , we deduce the following interesting comparison inequalities 
between relative volumes and the relative Monge-Ampere capacity. These 
inequalities show that the Lebesgue measure on any generic subspace of a 
hyperconvex domain 17 ^ C" is dominated by capacity in a strong sense 
and then by a result of S. Kolodziej, it belongs the image of the complex 
Monge-Ampere operator acting on the class of bounded plurisubharmonic 
functions on Q (see [Ko 1], [Ko 2], [Ce 1]). 

Corollary 3.5 l)For any complex euclidean ball B C C" and any Borel 
subset K cM, 

(3.23) < c„exp(-2 cap(i^; B)-^/"), 
where Cn is the constant given by h'-i. jjj) . 

2) Let G C be a generic real subspace of complex dimension < m < 
n — 1. Then for any euclidean ball B C G and any Borel subset K C B, 

(3.24) ^n+^rn{K) ^ 8(1 + ^2) (n + m) exp(- cap(i^;B)-i/"), 

'^n+m{B) 

where B is the euclidean ball in C" such that MCiG = B. 

Proof: 1) The inequality ()3.23|) is a direct consequence of (|2.1H) and 

2) Let us prove the inequality (|3.24|) . Since both the relative volume and the 
relative capacity are invariant under non singular affine transformations, we 
can assume that G = C"^ x M"^™", B is the unit real euclidean ball in G and 
B is the unit complex euclidean ball in C". Then by 1)3. 3|) . we have 

(3.25) >^n+^m{K) <8(„ + ^)j.^(^)_ 

On the other hand, by (|2.11j) . we have 

T^{K) < exp(-cap(K;B)^i/"). 
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So to prove the inequality (|3.24|) . it remains to estimate Tb{K) from above 
by Tb,{K). Indeed, from the definition of the extremal function Vb, it follows 
that 

Vk{z) < maxVK + Vb(z),Vz G C". 

B 

Therefore, we get 

(3.26) Tb{K) < e"^^^»^s Tm{K). 

It remains to estimate maxg Vb- Since M" C G, the euclidean unit ball B in 
G, contains the euclidean unit ball D of M" and then Vb < Vd on C" , which 
implies that maxB Vb < maxB Vd- Now by Lundin's formula (cf. [Lu],[Sa 2], 
[Kl]), we have 

(3.27) Vd{z) = max{log |/i(e • z)| ; ^ e z G C", 



where /i(C) := C + \/C^ — 1 for C ^ C, with the right branch of the square 
root, S"~^ = dD is the euclidean unit sphere of M" C C" and ■ z = 
Si<j<n^i ■ -^i- ^^^y *° from the formula ()3.27|) that 

maxVo = maxVof-z) = maxlog |/i(C)| = logfl + v2) 

B \z\=l |C|=1 

and then exp(maxB Vb) < exp(maxB Vd) = 1 + \/2, which by the inequality 
(|3.26j) and (|3.25j) implies the required inequality (|3.24j) . ► 
Remarks: 1) Polya's inequalities ()3.1() and ()3.3() can be stated in one for- 
mula as follows. Given a generic subspace G C C" of complex dimension 
< m < n, then for any euclidean ball B C G and any Borel subset K C B, 
we have 

(3.28) <c.,^rB(K)^+'-/"], 

where c„_m '■= 8{n + m) ifO<m<n— 1 and c„^„ := c„. 

We can deduce from the general relative Polya's inequality (|3.28|) ana- 
loguous inequalities in terms of relative volume and relative logarthmic ca- 
pacity with respect to balls associated to any fixed real norm on the generic 
space G. Indeed, if we denote by |.| the euclidean norm and we are given 
another real norm ||.|| on G, then there exists two constants a,/5 > such 
that 

a|kll < \z\ < P\\z\\,\/z e G. 

Then given a ball B' for the norm ||.||, there exists a ball B for the norm |.| 
such that a ■ B C B' C P ■ B. Then it follows easily from 1)3.28(1 that for any 
Borel set K C B' , we have 

(3.29) V^^ir < c„,n^(/?/a)"+™TB'(^)'+t'"/"l■ 



12 



2) Observe that relative Polya's inequalities proved above are optimal as 
far as the exponents are concerned. Indeed we will use inequality H3.29() for 
the sup-norm, since in this case, explicit computations can be made using 
the product formula for the relative logarithmic capacity. Let Bi, ...,Bn be 
regular sets in C, -fCi, Kn Borel subsets such that Kj C Bj for j = 1, n 
and set K := Ki x ... x Kn and B := Bi x ... x Then using the product 
property for the extremal function (cf. [Si 1]), we get the formula 

(3.30) TBiK)= mm {Tb,{K,)}. 

l<j<n 

In the case where G = C", take B' to be the closed unit polydisc A*^ in C" 
and Kr := {z S A"; \zi\ < r}. Then the relative volume of Kr with respect 
to A" is A2n(^r)/A2n(A") = while its relative logarithmic capacity is 
T/^n(^Kr) = r. Then by (|3.29j) this prove that the exponent 2 in the complex 
Polya's inequality 1)3. 1|) is the best possible. 

In the totally real case, we can assume that G = M" and consider an 
analoguous example with intervals. Take B' to be the unit n— cube I", 
where I := [—1, +1] is the closed unit real interval and define I"(r) := {x G 
I"'] \xi\ < r}. Then it is easy to see that 

ri.(/"(r)) = - ^, asr-0, 

while the relative n— volume of /"■(r) with respect to I" is equal to r, which 
proves by (|3.29j) that the exponent 1 in Polya's inequality l|3.3j) is the best 
possible in this case. 

Now if G = X R"-"' with (1 < m < n - 1, it is enough to take B' = 
A"* X I"-™ and /C^ := A"' x /""'"(r). Then TB'{Kr) ~ r/2 as r ^ 0, while 
Xn+m{Kr) / Xn+m{B') = r, which prove again by (|3.29j) that the exponent 1 
in Polya's inequality H3.3|l is the best possible in this case. 



4 Relative size of plurisubharmonic lemniscates 

Here we want to deduce from relative Polya's inequalities an estimate on 
the relative size of plurisubharmonic lemniscates associated to two important 
classes of plurisubharmonic functions. Let us start with estimating precisely 
the size of the lemniscates associated to the Lelong class C{C^). 

Theorem 4.1 1) For any complex euclidean closed ball B C C" and any 
u G £(C") with maxB u = 0, 

(4.1) A.„({.g B; „(.)<-.}) ^ ^ „_ 

where Cn is the constant given by iV. jjj) . 

2) Let G C C" be a generic real subspace of complex dimension m < n — 1. 
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Then for any real euclidean closed ball B C G and any u G £(C") with 
max^ n = 0, 

(A ^^ An+n,({x £ B] u{z) < -s}) , „ . . ^ _s w ^ n 

(4.2) — < 8 (n + mj e , Vs > 0. 

^n+m{B) 

Proof: 1) Let B C C" be an arbitrary complex ball and u £ C{C^) with 
maxB n = 0. Set Et{u) := {z G M;u{z) < t} for t < 0. Then u — t< Ve^(u) on 
C" and then —t = maxB u — t< maxs Ve^(u)- This implies that Ta{Et{u)) < 
e* for any t < 0. Now in order to get the estimate ()4.1() . it is enough to apply 
the complex Polya's inequality to the Borel set Et{u) with s = —t. To 
prove the estimate 1)4. 2() . we proceed in the same way using the real Polya's 
inequality ► 

Observe that estimates of plurisubharmonic lemniscates were obtained in 
the complex case earlier by the third author in a more general context but 
with less precise exponents (cf. [Ze 2], [Ze 3]). 

In particular, observing that {l/d)log\P\ G £(C") for any polynomial 
P G C[z] with degree d > 1, we obtain the following precise estimate for 
polynomial lemniscates. 

Corollary 4.2 1) For any complex ball M C C" and any polynomial P G 
C[z] of degree d>l satisfying \ \P\\m = Ij we have 

(4.3) Miil^y|£Mi!)) ve.]0.11. 

where Cn is the constant given by US. 

2) Let G C be a generic subspace of complex dimension < m < n — 1. 
Then for any real euclidean ball B C G and any polynomial P G C[z] of 
degree d>l satisfying \ \P\\b = 1, the following estimate holds 

W{..B;|P(.)|<.^}) ^ ^ ^ 

All these estimates are optimal as far as the exponents are concerned (see 
Remarks above) . The first inequality is an improvement of previous results 
(see [Cu-Dr-Lu], [Ze 2], [Ze 3]) and answers a question asked by the third 
author in ([Ze 2]). In the totally real case where G = M", the second 
inequality appears also in ([Br-Ga]). 

Now let us estimate the size of plurisubharmonic lemniscates associated 
to the Cegrell class ^^(O). 

Theorem 4.3 Let 17 d C" be a hyperconvex open set. Then for any plurisub- 
harmonic function ip G with J^(dd'^(p)^ < 1, we have 

(4.5) X2n{{z G Q; f{z) < -s}) < c„r2„(17)e-2^, Vs > 0, 
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where T2ni^) is the volume of the smallest euclidean ball of containing 
Q and Cn is the constant given by \3. 

Moreover, if G C C" is a generic subspace of complex dimension m < 
n — 1 such that D := 17 H G 7^ 0, then for any s > 0, 

(4.6) Xn+m{{z G D; ip{z) < -s}) < 8(1 + ^2) (n + m) r„+™(Z)) e~', 

where Tn+m{D) is the volume of the smallest euclidean ball of G containing 
D. 

For the proof of this theorem, we will need the following elementary lemma. 
Lemma 4.4 Let d C" 6e a hyperconvex open set. Then for any f G 

(4.7) cap({z G n; ^(z) < -s}; fl) < / (d^V)'', Vs > 0. 

Jn 

Proof: 1) Assume first that ip is a bounded plurisubharmonic function on 
with boundary values and finite Monge-Ampere mass on Q. Let s > 
be fixed and K C ^{<f, s) := {z £ $7; {p{z) < —s} any fixed regular 
compact set in the sense that the plurisubhamonic measure hx the condenser 
{K,i}) is continuous on 17. Since hx and (p have boundary values 0, from 
the comparison principle (see [Be-Ta 1], [Kl]) it follows that 

cap{K;n)= [ {dd^hxT < [ {dd'^hxT < \ [ {dd^^^. 

Taking an exhaustive sequence of regular compact subsets of the open set 
0(s; 99) and using interior regularity of the capacity we obtain our inequality 
in this case. 

2) Now for an arbitrary given function cp £ there exists a decreasing 

sequence {(pj) of bounded plurisubharmonic functions with boundary values 
which converges to ip such that J^{dd^ip)^ = limj J^{dd^(pj)'^ (cf. [Ce 2], 
[Ce-Ze]). Then the estimate (j4.7j) follows from the first case and the lemma 
is proved. 

Now we can prove the theorem. 

Proof of the theorem: 1) Let B be the smallest euclidean ball of C" contain- 
ing 0,. Let (fi G •^(^) as in the theorem and set 0((^; s) := {z £ 0; ipiz) < —s} 
and c(s) = CQ{s,ip) := cap(J7((^; s); $7) for s > 0. Then applying inequality 
(|3.23j) . we obtain 

(4.8) X2n{^{f;s)) < c„A2n(]B)exp(-2cn(s)-^/"),Vs > 0. 

Now the estimate ()4.5p follows from the estimate 1)4. 8p using the estimate 
(jiH). 

The estimate (|4.6p is proved in the same way using the inequalities p.24[) 
and (|T7j) . ► 
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5 Global behaviour of the Lelong class 

The next application of our theorems from the last section will concern the 
Lelong class of plurisubharmonic functions with logarithmic singularities at 
infinity defined by the formula (|2.4|1 . 

The Lelong class of plurisubharmonic functions is known to play an 
important role in pluripotential theory (cf. [Le 1], [Be-Ta 2], [Si 1], [Si 2], 
[Sa 1], [Za], [Ze 1], [Ze 2]). 

Here we want to prove new general uniform integrability theorems for 
the Lelong class of plurisubharmonic functions. 

Let g : M"*" — > M"*" be an increasing function such that g(0) = and 
lim(^_i_oo = +00. For 6 > 0, consider the following Riemann-Stieltjes' in- 
egral 

r+oo 

(5.1) Is{g) := S / e-''dg{t). 

Jo 

Then we have the following result. 

Theorem 5.1 1) For any complex euclidean closed ball B C C" and any 
function u G C{C^) 

(5.2) 1— niT / 9{'^&y^u-u)d\2n<Cnh{g), 

A2niJoj Jm ^ 

provided that hig) < +oo, where Cn is the constant given by US. gj) . 

2) Let G C C" be a generic real subspace of complex dimension m. Then for 

any real euclidean closed ball B C G and any function u G /^(C") 

(5.3) - — [ g{maxu-u)dXn+m<8{n + m)Ii{g) 

^n+m\ij) Jb ^ 

provided that Ii{g) < +oo. 

Proof: We can assume g to be strictly increasing. Let fi be any Borel measure 
on C" and K d C" any Borel set. Then for any function u £ C{C"') with 
u\K < 0, we have 
(5.4) 



/ gi-u)d^i= / ^iKn{g{-u)>t})dt= / //(ET 

JK Jo Jo 



n{u< -s})dg{s). 



1) Assume that fi := 11^2™, where B C C" is a complex euclidean closed 
ball and u £ £(C") with maxB n = 0. Then by (|5.4I) . we get 

/• r+co 

(5.5) / g{-u)dX2n = / A2„(B n {u < -s})dg{s). 
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Applying the estimates (|4.1|) to the formula (|5.5|1 . we obtain the following 
inequality 

r- r+oo 

(5.6) / g{-u)dX2n < CnA2n(B) / e-^'dg{s). 
Jm Jo 

If hig) < +00, we easily see that lim^^^+oo ^(i)^"^* = and then by inte- 
gration by parts, it follows that f^'^ e~'^'^dg{s) = l2{g), which implies the 
required inequality thanks to the inequality 1)5. 6() . 

2) Assume that fi := l^An+m) where C G is a real euclidean closed ball 
and u G £(C") with max^ u = 0. Then applying the estimates (|4.2|) to the 
formula (|5.5() . we obtain the following inequality 

p r+oo 

(5.7) g{-u)dXn<8{n + m)Xn+m{B) e-'dg{s). 
Jb Jo 

If Ii{g) < +00, then as in the first case the required inequality follows from 
the inequality (|5.7|) by integration by parts. ► 

Prom this general result we derive the following corollaries which will be 
useful later. 

Corollary 5.2 For any complex euclidean ball B C C"", any function u G 
£(C") and any < a < 2, 

(5.8) f e-""dA2„ <(l + c„ " 



A2„ (18)71 V "2 -a 

where Cn is the constant given by US. 

2) Let G C be a generic real subspace of complex dimension m < n — 1. 
Then for any real euclidean ball B C G, any function u G >C(C") and any 
< a <1, 



(5-9) X \m / e-""dA„+„ < (1 + 8 (n + m) -^)e 



a maxjj u 



Proof: 1) Indeed, it is enough to apply Theorem 5.1 with the increasing 
function g{t) := e"* — 1, with < a < 2 in the complex case and < a < 1 
in the real generic case. ► 



Corollary 5.3 1) For any complex euclidean ball B C C", any function 
u S £(C") and any real number p > 0, 

(5-10) / (maxtz-n)PdA2„ < c„ 2"^ r(p + l), 

Mn["^) Jm ^ 

where r(s) := /q^°° t^~^e~^dt, s > is the Euler function and Cn is the 
constant given by il^. jjj) . 
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2) Let G C C" be a generic real subspace of complex dimension m < n — 1. 
Then for any real euclidean ball B C G, any function u G £(C") and any 
real number p > 0, 

(5.11) ^-T— / {max u - u)PdXn+m < 8{n + m) T{p + 1), 

An+m(,-Dj Jb ^ 

where T is the Euler function. 

Proof: Indeed, it is enough to apply Theorem 5.1 with the increasing func- 
tion g{t) := tP,t> 0. ► 

Now we want to study the global behaviour of the Lelong class £(C"), esti- 
mating uniformly the size of the deviation between a function and its mean 
values on complex or real euclidean balls. 

Let us recall the general definition of the space BMO. Let G be a real 
euclidean space of dimension k > 1 and let Xk the Lebesgue measure on G. 
For a locally integrable function / : G — > M and any euclidean ball B C G, 
define the mean value of / on i? by 

fs ■■= I fdXk, 
\B\k Jb 

where |-B|jt = Xk{B). Then we say that / G BMO(G) if and only if 

II/IIbmo(G) := sup{7^ / I/ - fB\dXk} < +00, 
B \B\k Jb 

where the supremum is taken over all the euclidean balls B C G. 
Let us first prove the following result which can be considered as a quali- 
tative version for the Lelong class C{C"') of the classical John-Nirenberg 
inequality for BMO— functions (cf. [St]). 

Theorem 5.4 1) For any complex euclidean ball B C ,any function u E 
£(C") and any real number a < 2, 

(5.12) -3- / e"l"-"-ldA2„ < (1 + cn-^) exp(^), 
p|2n Jb 2 - a 2 

where ub := (l/|IB|2n) 'udA2n and Cn is the constant given by \3.'J^) . 
2) Let G C C" be a generic real subspace of complex dimension < m < 
n — 1. Then for any real euclidean ball B C G, any function u G £(C") and 
any real number a < 1, 

(5.13) / e"'"-"s'dA„+„ < (l + 8(n + m)-^) exp(8a(n + m)), 

\B\n+mJB ^ l-aJ 

where ub ■= (1/|-B| 

n+m 
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Proof: 1) From Corollary 5.2, it follows that for a fixed function u G £(C") 
and any euclidean ball B C C", 



(5.14) 




-n 



2 - Q 



a 



Now, from Corollary 5.3, we get 



(5.15) 



max u — un < — 
B 2 



Therefore by 1)5.14(1 and (|5.15() we get 




e"l"-"»ldA2„ < (1 + c, 



-n 



2-a 



a 




The real case is proved in the same way. ► 

Observe that in the complex better estimate can be obtained using 

a refined version of the inequality (|5.15() due to Lelong (cf. [Le 2] , [De] , [Si 



From the last theorem we deduce the following result. 

Corollary 5.5 Let G C C" be a generic real subspace of complex dimension 
m < n. Then for any function u G £(C"), u\G £ BMO(G) and 



Here an,m '■= 2 log(l + 8(n + m)) + 8(n + m) ifO<m<n— 1 and an,n '■= 
log(l + c„) + c„/2, where Cn is the constant given by S^) . 

In the totally real case where G = M*^, the existence of a uniform bound 
for the BMO(M")— norm of plurisubharmonic functions of logarithmic sin- 
gularities on C" was proved earlier by A.Brudnyi (cf. [B 1]) with a different 
proof. Our proof gives a precise quantitative estimate of the uniform bound. 

6 Global uniform integrability of plurisubharmonic 
functions 

Here we want to give a sufficient condition for global integrability of plurisub- 
harmonic functions in terms of the relative Monge- Ampere capacity of their 
sublevel sets. Then we will deduce a global integrability theorem for the 
class of plurisubharmonic functions with uniformly bounded Monge- Ampere 
masses. 



2]). 



^IIbMO(G) ^ (^n,' 



In particular, for any polynomial P G C[z], with deg(P) = d > 1 



(5.16) 



log \P\ IIbMO(G) < ^n,m ' d. 
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For any u £ PSH^{Q) and any Borel subset E C we define the 
truncated plurisubharmonic lemniscates associated to u as E{s,u) := {z £ 
E;u{z) < —s}, for s > and the corresponding capacity function 

ce{s,u) = Cap(£'(s; n); 

Let U C PSH^{^}) be a class of plurisubharmonic functions on then 
define 

ce{s.,U) ■= sup{ce{s, u);u £U},s > 0. 

Let g : M"^ be an increasing function such that g{0) = and 

linif^+oo g{t) = +00. As in the last section, consider the following Riemann- 
Stieltjes' integral for 5 > 0, 

r+oo 

(6.1) Isig) := / e-''dg{t). 

Jo 

The main result of this section is the following. 

Theorem 6.1 LetlA C PSH^{Q) he a class of plurisubharmonic functions 
on Q and E d a Borel subset such that 

rj = ri{E;l/() := sup si ce{s,U)] < +cxd. 
s>0 ^ ^ 

Then the following properties hold. 

1 ) For any function u GU, 

g{-u)d\2n < CnT2n{E) h/-q{g): 

E 

provided that l2jr){9) < +c« fsee \f).l\) . where T2n{E) is the 2n— volume of the 
smallest complex euclidean hall of C" containing E and Cn is the constant 
given by iS. 

2) IfG C C" is a generic real subspace of complex dimension m < n—1 such 
that n G 7^ and E C^lCiG then for any function u GlA, 

g{-u)dXn+m < 8(l + \/2) (n + m) Tn+miE) h/via), 

provided that Ii/r^{g) < +oo fsee \6.1\) . where Tn+m{E) is the {n+m) — volume 
of the smallest euclidean hall in G which contains E. 

Proof: By approximation we can assume that g is strictly increasing. Let /i 
be any positive Borel measure on $7 and u G PSH~ (Q). Then 



(6.2) / g{-u)d^l= [ 

Jn Jo 



H{n{u;s))dg{s). 
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Now let fj, = lE^2n and B be a complex euclidean ball of C" containing E. 
Then by (HOHl) we get 

X2n{E{u;s)) < c„A2„(B)exp(-2cB(s, 

Therefore from (|6.2|) we conclude that 

/• r+oo 
(6.3) g{-u)dX2n < CnX2nW exp(-2cE(s, n)-l/")(i5(s). 

Je Jo 
From the estimate (|6.3|) and the hypothesis, we deduce that 

r+oo 

g{-u)d\2n < c„A2„(B) / e-x.p{-2s/r])dg{s), 

Jo 

which proves the required estimate. The real generic case is proved in the 
same way. ► 

From this result we can deduce the following corollaries. 

Corollary 6.2 LetU C PSH~{Q) be a class of plurisubharmonic functions 
on 0, and E C 0, be a Borel subset such that 

r] = ri{E;U) := sup si ce{s,U) ] < +oo. 
s>0 ^ ^ 

Then the following properties hold. 

1) For any function u gU and any exponent < a < 2/r], 



(E) 

Je 



a T] 



2 — a ?]' 



where T2n{E) is the 2n— volume of the smallest complex euclidean ball ofC"" 
containing E and Cn is the constant given by US. ^} 

2) Moreover if G C C" is a generic real subspace of complex dimension 
m < n — 1 such that $7 n G 7^ and C n G, for any function u £ U and 
any real number a < l/f], 



[ e-'^'^dXn+m < Xn+UD) + 8(1 + V2) {n + m) Tn+miD) - 

Jd 



arj 



ar] 



where Tn+miD) is the (n + m) — volume of the smallest euclidean ball of G 
containing D. 

From the last result we can easily deduce the following one. 

Corollary 6.3 LetU C PSH~(Q) be a class of plurisubharmonic functions 

on 0,. Then the following properties hold. 

l)If 

( \ ^1"^ 

7 := limsupsi Cf7(s,^) I < +00, 
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then for any exponent < a < 2/7, there exists a constant = ^2n(a) S^Vt^U) > 
such that 



/ e aA2n ^ ^2n 

Jn 



2) If G C is a generic real subspace of complex dimension m < n — 1 
such that L> := 17 n R" / and 

( \ ^1"^ 

5 := limsupsi cd(s,Z//) I < +00, 



then for any a < 1/5, there is a constant An^m = An^m{ct,S, D,U) > such 
that 

/ e'""(iA„+m < An,m,yu G U. 
Jd 

Proof: 1) If "fin) < +00, for any a < 2/^{U), there is sq > and 70 > 
such that a < 2/70 and 

scq(s,'u)^^" < 7o,Vs > so,\/u G U. 

Then if we define the class V := U + sq, it follows that 

^^(^,1^)^/" <7o,Vt>0,V?;G V, 

which implies that ry := 77(^2, V) < 70- Therefore, since a < 2/70 < 2/rj, we 
can apply Theorem 6.1 to the class V and get the estimate 



Jn 



ar] 



arj 

This inequality implies clearly that 

Jn 2 - ar/ 

which proves the first estimate of the theorem. The second estimate is 
proved in the same way. ► 

Now we will give an application of the corollary 6.2 to the global uniform 
integrability of the Cegrell class of plurisubharmonic functions of bounded 
Monge- Ampere mass on a bounded hyper convex domain. 

Corollary 6.4 1) For any a <2 and any ip G .^(f^) with f^^dd'^ipY'' < 1, 



(6.4) / e-"^(^)(iA2„(z) < X2nm+CnT2nm 



a 



In ■ -i-a 

where Cn is the constant given by IS. 

2) If G G is a generic real subspace of complex dimension m < n — 1 
such that D := n G 7^ 0, then for any a < 1 and any if G with 

Udd'^^r < 1, 



(6.5) / e-"'^(^)dA„+^(z) < Xn+m{D)+8il+V2) (n+m) Tn+m{D) 



' D 



a 
1 — a 
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Proof: Consider the class lA of plurisubharmonic functions in 99^(17) such 
that J^{dd'^ipy^ < 1. Then by Lemma 4.4, we get the inequahty rj = r]{E,U) < 
1 for any Borel subset E C Therefore the results above follows im- 
medaitely from Corollary 6.2.^ 

A uniform estimate of type (|6.4|) was obtained recently in ([Ce-Ze]) with a 
different method but with a non explicit uniform constant, while the estimate 
(|6.5j) seems to be new. 

As in section 5, from Theorem 6.1 we can deduce uniform estimates 
for functions from the class J-{^}). 

Corollary 6.5 1) For any ip £ and any real number p > 0, 

jj,-^YdX2n < CnT2nm2-PT{p + l)(^J^{dd^ipry'', 

where Cn is the constant given by jj)) . 

2) If G C C" is a generic real subspace of complex dimension m < n — 1 
such that D := r2 n G 7^ 0, then for any if £ and any real number 

p>0, 

< 8(1 + V2) {n + m) t„+™(D) T{p + 1) (c^c^V)")^ 

Proof: Indeed, by Lemma 4.4 the real number r] = r]{E,U) for the class 
U of plurisubharmonic functions 93 G ^i^) such that J^{dd^ip)"' < 1 and 
any subset E C 0, satisfies the inequality r/ < 1. Since the function Isig) is 
decreasing in 5, we easily see that the corollary is an easy consequence of 
Theorem 6.1 with the function g{t) = t'^.>- 
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